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Any partition of a disk into n subdisks can be imbedded in E* by laying down n triangles one 
after another. This imbedding can also be constructed by drawing 2n + 1 line segments. 
1. Introduction 
We will show how to imbed a given partition of a disk into n subdisks in E2 by 
laying down n triangles, one after another, as in Fig. 1 or 2. Our imbedding can 
also be constructed by drawing 2n + 1 line segments. 
Imbedding sets in E* using a small number of line segments is a theme that 
appears in any paper concerned with linear imbeddings of simplicial complexes in 
E2, for example [l] and [2]. 
A partition P of a disk D is a finite collection of subdisks whose union is D such 
that if A, B E P, then A f~ B = (dA) II (3B). For example, any finite connected 
graph in E2 not disconnected by any vertex and containing no loops and at least 
two edges forms a partition of a disk into subdisks. 
A partition Q of a disk E c E2 is an imbedding of P in E2 if there is a 
homeomorphism h : D --, E that takes each element of P onto an element of Q. 
We will call an imbedding constructed by laying down triangles one after another, 
one for each element of the imbedded partition, a shingled imbedding. More 
exactly, a shingled imbedding is constructed by drawing an equilateral triangle T1 
in E2 and labeling one of its edges Li. Then a finite sequence of isosceles 
triangles is drawn in Ti. Each of these isosceles triangles has its base in the 
interior of L, and does not intersect the rest of the boundary of TI. Also, the 
slope of the left side of a triangle is less than the slope of the left side of each 
earlier isosceles triangle. After a triangle is drawn, the edges of earlier triangles f
are erased from its interior. This gives the impression of layering, and explains 
the use of the term “shingled imbedding.” 
2. Shingled imbeddings 
Theorem 2.1. Every partition of a disk into subdisks has a shingled imbedding in 
E2. 
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Fig. 1 
Lemma 2.2. Suppose P, is a partition of a disk D,, into n subdisks, D E P,,, and p 
is a point in the interior of an arc in D fl aD,,. Then there is a triangle T containing 
arcs AZ, . . . , A, such that 
1. A2U.. * U A, forms a partition Qr of T for 2 < r < n. 
2. Q, is an imbedding of P, in E2 via a homeomorphism h. 
3. h(p) is a vertex of T, and (A2 U . - - U A,) n aT is contained in the interior of 
the edge L of T opposite h(p). 
4. h(D) and A,+1 are contained in the same element of Q, for 2 c r c n - 1. 
Proof. We proceed by induction. The case n = 1 is easy. If n > 1, choose E E P,, 
such that D II E is an arc. Let 
P,_l = (P, - (0, E}) U {D U E}. 
Then, by induction hypothesis, there is a triangle T containing arcs AZ, . . . , A,_1 
such that P,_l, T, AZ, . . . , A,_*, D U E, and p satisfy conditions (l)-(4) above. 
Let A,, = h(D n E). Move each endpoint of A,, that does not lie in AI U - . * U 
A,_1 into the interior of L by an isotopy of T that does not move h(p) U A, U 
. ..uA._,. •i 
Proof of Theorem 2.1. Given a partition P,, apply Lemma 2.2. We will construct 
triangles T,, . . . , T, in E2, such that the sequence T,, T,, T,,_l, . . . , T2 forms a 
shingled imbedding R, of Qn. We proceed by induction on n. 
Zf n = 1, let T =gl(T), a homeomorphic copy of T. 
Zf n = 2, again let TI =gl(T). Let a2 and b2 be the endpoints of A2, g,(a,) to the 
Fig. 2 
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left of g,(bJ when gi(L) is the base of Ti. Let p2 = g,(a2) and let q2 = gl(b2). Let 
B2 be an arc whose interior lies in the interior of Ti consisting of two line 
segments p2e2 with positive slope m2 < fi and e2q2 with slope -m2. Placing 
triangle T2 =p2q2e2 on top of Tl provides a shingled imbedding R2 of Q2 via a 
homeomorphism g2 . 
Zf n > 2, we may assume ai, bi, pi, qi, ei, Bi, 7], Rip and gi have been defined in 
the manner described below for 2 s i s n and we now define these objects for 
i =~t. Let a,, b, be the endpoints of A,, g,_,(a,) to the left of g,_*(b,). Let 
c, =g,_i(a,) and let d,, = g,_l(b,). Let B, be an arc whose interior lies in 
(Int T,) - (Uy-;’ TJ consisting of two line segments, c,e, with slope m, satisfying 
m,_i <m, < fi, and end,, with slope -m,. We also note that if c, $ g,(L), c,e, 
can be extended beyond c, to p,, E gl(L) so that c,p, G LJy:; T. If c, E g,(L), let 
p,, = c,. Similarly, construct qn from e,d,. 
Let T, be the triangle pnqnen and let R, be the shingled imbedding T,, T,, 
Tn-1, . . . , T2. Then R, is a shingled imbedding of Q,. 0 
Corokuy 2.3. Every partition of a disk into n subdisks can be imbedded in E2 by 
drawing 2n + 1 line segments. 
Proof. Use T, and B,, . . . , B,. 0 
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